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We consider closed operator ideals, which mean operator ideals A whose 
components A(E,F) are closed subspaces of the space L(E,F). Using inter- 
polation techniques, we obtain general results on products of closed ideals. 
Furthermore, we investigate which closed ideals A possess the factorization 
property, I.e., each operator of A factors through a space with the related 
property “A.” Applications of these results yield the answer to some open 
questions in ideal theory. 
In this paper we consider operator ideals A whose components A(E, F) are 
closed subspaces of L(E, F). These ideals are called closed. Most of the classical 
operator ideals, e.g., the ideals of compact, weakly compact, completely con- 
tinuous operators, are closed. Products and quotients of classical closed operator 
ideals were considered by Pietsch [ 12, 131 and Puhl [ 151. The aim of this paper 
is to prove several general results on closed operator ideals. Our main tool 
is the interpolation technique [lo], which has proved to be useful in various 
aspects of operator ideal theory (cf. [4, 11, 121). 
In Section I we deal with products of operator ideals. We prove that the 
product of closed ideals is closed, as well, thus answering a question of Pietsch 
[14]. Furthermore, we give a convenient description of products of certain 
classes of ideals. This result yields, in particular, representations of two concrete 
products which were left open by Pietsch in [ 131. 
Section II is devoted to closed ideals with the factorization property, which 
states that every operator of the ideal A can be factored through a Banach space 
with the corresponding property “A.” Factorization theorems were first 
obtained by Davis et al. [6], and later by Beauzamy [2-4]. We give here a suffi- 
cient condition for general closed operator ideals to possess the factorization 
property. This theorem unifies the corresponding results of [24,6] and yields 
a new factorization concerning dual Radon-Nikodym operators. We also answer 
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a question of Beauzamy [4] about the Banach-Saks property of interpolation 
spaces. Some counterexamples will show that the assumptions of the general 
factorization theorem are essential. 
DEFINITIONS AND NOTATION 
Let E and F be Banach spaces. E’ denotes the dual of E, B, the unit ball of E, 
and IE the identity map of E. L(E, F) is the space of bounded linear operators 
equipped with the usual operator norm. For T E L(E, F), T’ denotes the dual 
of T. Given 1 <p < cc and a sequence of Banach spaces (E,) (n = 1,2,...), 
we denote the space of sequences (sn) with X, E E, and [I(x& = (En I/ x, Il~)llp < 
~0 by CC J% . 
An operator idea1 A is a class of bounded Iinear operators such that the 
components A n L(E, F) = A(E, F) satisfy the following three conditions: 
(i) A(E, F) is a linear subset of L(E, F). (ii) A(,!?, F) contains the mute rank 
operators. (iii) R E L(E, , E), S E A(E, F), and T E L(F, FJ imply TSR E A(E, , 
&I- 
Remark that, if A contains a nonzero operator, then (ii) is already a conse- 
quence of (i) and (iii). The notion of an operator ideal is a natural generalization 
of the ring-theoretical ideal concept. It allows one to deal with operators between 
different Banach spaces and includes a comparison of different components 
A(& F) and A(.& , Pi). For the theory of operator ideals we refer to [S, 11, 121. 
An operator ideal A is called closed if the components A(E, F) are closed 
subspaces of L(E, F). Diverse examples of closed operator ideals are given in 
[12, 131. Some of them will be mentioned below. New closed operator ideals 
also appeared in connection with the concept of superideals (cf. [l, 93). Given 
two operator ideals A and B, the product B 0 A is defined in the following way: 
T E L(E, F) belongs to B 0 A if there is a Banach space G and operators Tl E 
4% G), T, E B(G F) such that T admits the representation T = T,T, . It 
should be emphasized that the Banach space G is arbitrary; thus this product 
concept differs essentially from the ring-theoretical one. An operator ideal A 
is called injective if for every isomorphic embedding J E L(F, Fl) the following 
holds: T E L(E, F) and JT E A(& Fl) imply T E A(E, F). The operator ideal A 
is surjective if for every surjection Q E L(E, , E), T EL(E, F), and TQ E A(E, , F) 
imply T E A(& F). Finally, every operator ideal A defines a class of Banach 
spaces Space(A) in the following way: E E Space(A) iff IE E A(E, E). 
We also need some notions from interpolation theory (cf. [5, lo]). Let (El , E,) 
be an interpolation pair, i.e., E, and E, are continuously embedded into a 
topological vector space. Define, as usual, the norms on El n E, and El + E, by 
setting 
(x E El l-l E,) 
CLOSED OPERATOR IDEALS 399 
and 
I! XII E,+Ez = &$, (II x1 l/q + II x2 II&) (x E El + E2). 
Now let E be an intermediate space between E1 and 23, , i.e., E1 n E, C E C 
E1 + E, . Then E is said to be of class J((e, E1 , EJ, where 0 < 0 < 1, if there 
exists a constant C such that for all t > 0 and x E E1 n E, , 
E is of class K(B, EI , E,) if there is a constant C such that for all t > 0 and 
x E E, 
Finaliy, we recall two of the (up to an isomorphism) equivalent definitions of 
the Lions-Peetre interpolation spaces (I$ , E2)8,9, where 0 < 0 < 1 and 
1 < p < cci: Let fI and 5, be such that fI;(tl - 5,)-l = 0. Then (E1 , E2)0,P 
is the space of all x E E1 $ E, which can be represented as 
with 
The second definition is: (E1 , Ez)e,a is the space of all x E E1 + E, which admit 
representations of the form x = xIn + xzn , xln E E1 , xzn E E2 (n = 0, fl,...) 
with 
/I x ‘1 = inf max @ II eElnxln El 
l/P 
x=“,n*x~n 1 (1 , II e E+c2n lli!yP) < co. 
The equivalence of both definitions was proved in [IO, p. 181. Note that (El, 
E2)B,p is of class J(0, E1 , E,) and K(B, El , E,). 
I. PRODUCTS OF CLOSED OPERATOR IDEALS 
Our first theorem shows that the class of closed operator ideals is stable under 
products. This answers a question of Pietsch [14]. 
THEOREM 1.1. If A and B are closed operator ideals, then B 0 A is closed, as 
well. 
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We need the following 
LEMMA I .2. Let T EL(E, F), T # 0, and suppose T = T,T, , where TI E 
L(E, G) and T, E L(G, F). Then there is an equivalent norm /I ]I0 on G such that 
Tl I'L(E.G,) /I Tz !IL(c,,,F) = I/ T'I, 
where G,, = (G, II Ilo). 
Proof. Define 
II z Ilo = max(ll TII I/ Tl II--’ II z IIG , II T2z IIF) (x E G). 
Then we have 
II T II II Tl /IV II 2 II < II z IL, d II Tz II II a IL 
It follows furthermore that 
Finally, we get for x E BE , 
!I Tlx Ilo = max(l! T/I !I Tl Ilk1 II T,x JIG , Ii TJ,x IIF) < II T Ii. 
Therefore 
which yields the desired resuIt. 
Proof of Theorem 1. I. It is sufficient to prove that T,, E B o A(E, F) (n = I, 
2,...) and x /I T, 11 < cx) imply T = C T, E B 0 A(E, F). According to Lemma 
1.2, each operator T,, can be represented as a product T, = Tz,TI, with 
T,, E A(E, G,), Tz, E B(G, , F), and 11 Tin 11 [I Tz, 11 x 11 T, 11. Muitipfying, if 
necessary, Tin and Tz, by suitable scalars, we may assume 
II Tin Ii = 1) T2, II = /I T, !ll/z. 
Now Iet G = (C G,), and define TI EL(E, G) and T, EL(G, F) by setting 
T,x = (Tl,&‘+ , T&&, = f Tg, . 
n=l 
Then T = T,T, , and we get, since A and B are closed, Tr E A(E, G) and Tz E 
B(G, F), thus T E B o A(E, F). 
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In the sequel we shall consider the product of closed operator ideals which 
have special properties. Our aim is to prove the following representation 
theorem. 
THEOREM 1.3. Let A and B be closed operator ideals. If A is injective and B 
is surjective, then 
BoA=BnA, 
where B n A denotes the intersection of both ideals. 
First we mention without proof the following two lemmas, which are easy 
consequences of the properties of injective and surjective ideals (cf. [I 1, pp. 31- 
38] or [12,4.64.7]). 
LEMMA 1.4. Let E, F1 , and F, be Banach spaces, let A be an injective operator 
ideal, and let T1 E A(E, F,), T, E L(E, F,). If there exists a constant C such that 
II T,x lb2 < C II T,x IIF, (x E E) 
then T2 E A(E, F,). 
LEMMA 1.5. Let E1 , E, , andF be Banach spaces, let B be a surjective operator 
ideal, and let T, E B(E, , F), T, E L(E, , F). If there is a constant C such that 
then T, E B(E, , F). 
The following two propositions of interpolation type are the crucial point of 
the proof of Theorem 1.3. 
PROPOSITION 1.6. Let A be an injective closed operator ideal and let E, F1 , F2 , 
and F be Banach spaces. Suppose (F1 , F,) is an interpolation pair and F is of class 
J(0, F1 , F,) (0 < 0 < 1). If T E L(E, F1) and T E A(E, F,), then T E A(E, F). 
Proof. It follows immediately from the interpolation hypothesis that for 
each natural number n there is a constant C, such that 
II TX IIF < max(n-l II TX 11~~ , C, !I TX IIFJ (x E E). 
Put 117 = T’(B,,). Using the bipolar theorem and the weak-star compactness 
of the sets T’(B,;) and T’(B,;), we conclude 
WC co(n-lT’(B,;) U C,T’(B,;)) C n-lT’(BF;) + C,T’(B,;), 
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where co denotes the convex hull. By the above inclusion we can find maps pn 
and I,& from W into n-lT’(BF;) and C,T’(B,;), respectively, with 
9144 + ?&z(W) = w (w E W). 
We now consider the space Z=(W) of bounded functions on W and define 
operators R, , S, E L(E, Zm( W)) by setting 
Rnx = (0~ ~n(w)>>wew 3 s,x = (lx, $n(4>hlEw 
LetFs be the closure of Im T in F, and let J be the canonical isometric embedding 
of F,, into Z,(W) defined by 
AT4 = ((3, w>>w,w (TxEIm T). 
It follows that 
R, + S, = JT, , 
where T, is the operator T, considered as an operator from E into F,, . Further- 
more, 
Ii S,x /I < C, sup Xx, T’g)l = C, II TX 11~~. 
We now deduce from Lemma 1.4 that S, E A(E, Zm( W)). Finally, we have 
Ii R, II < 8-l I/ T i!m,q; 
thus, 
lim 11 JT,, - S, I/ = 0, n-02 
and, since A is closed, it follows that 
JT, E 4-C L(W)). 
Using the injectivity of A we get T, E A(E, F,) and T E A(E, F). 
The next proposition is, in a certain sense, dual to the preceding one. 
PROPOSITION 1 .I. Let B be a surjective cZosed operator ideal and Zet E, E, , E, , 
and F be Banach spaces. Suppose (El , E,) is an intertolation pair and E is of cZass 
K(B, El , E,) (0 < 0 < 1). If T E L(E, , F) and T E B(E, , F) then T E B(E, F). 
Proof. It follows from the hypothesis that for each 71 there exists a C, such 
that 
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Setting T(B,) = W, we get 
WC 2 co(+T(Bq) u C,T(BEz)) C 2n-lT(Bq) + 2C,(T(B,*). 
As in the proof of Proposition 1.6 we find mappings vn and #n from W into 
2n-lT(BE1) and 2C,T(B,2), respectively, with 
9%5(w) + A(w) = w (w E W). 
Consider the space Zr( W) of absoIutely summable functions on the set W and 
let T,, be the linear operator from Zr( W) into F given by Toe, = w (w E W), 
where e, is the corresponding unit vector. Remark that T,(B+,)) = W. Now 
we define operators R, , S, E L(Z,( W), F) by setting 
hew = pl,W, Snew = (G&4 (w E WI. 
Then we get 
It follows by Lemma 1.5 that S, E B(Z,( W), F). Furthermore, we have 
Therefore T, E B(Z,( W), F), and, since 
T,,(&Jw)) = W = VE), 
we conclude again by Lemma 1.5 that T E B(E, F). 
Proof of Theorem 1.3. Suppose T E B(E, F) n A(E, F). Put Gr = E/Ker T 
and Ga = F. Let Q be the quotient map of E onto Gr and let J be the injection 
of Gr into G, induced by T. Now take any space G which is of both class 
J(S, Gr , G,) and class K(B, Gr , G,) with 0 < 6’ < 1, e.g., G = (Gr , G,& . 
Denote the corresponding embedding maps of Gr into G and of G into Ga by J1 
Jz , respectively. Then we have T = JQ E A(E, G,), and we get from Proposi- 
tion 1.6 that JIQ E A(E, G). Furthermore, the surjectivity of B yields J E B(G, , 
G,). This together with Proposition 1.7 implies Jz E B(G, G,). Thus, we have 
shown that 
T = JzhQ E B 0 4-K F), 
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and therefore 
BnACBoA. 
The converse inclusion is trivial. 
Theorem 1.3 yields simple descriptions af some products of closed ideals. 
First recall that an operator is said to be completely continuous if it transforms 
weakly convergent sequences into norm convergent sequences. An operator is 
called separable if it has a separable range. The following corollary fills up two 
gaps of the multiplication table given by Pietsch in [13]. 
COROLLARY 1.8. Let W, V, X be the ideals of weakly compact, completely 
continuous, and separable operators, respectively. Then 
WOV=WnV 
and 
wax= wnx. 
Another corollary concerns the idempotence of certain ideals. An operator 
ideal is called idempotent if A 0 A = A. 
COROLLARY 1.9. Each injective, surjective, closed operator ideal is idempotent. 
Clearly, every operator ideal with the factorization property (see below) 
is idempotent. But it should be mentioned that the class of idempotent ideals 
is essentially larger. For example, the ideals or compact operators, uniformly 
convexifying operators, and operators of type Rademacher are closed, injective, 
and surjective, but do not possess the factorization property (cf. [I, 21). 
II. FACTORIZATION THROUGH BANACH SPACES 
An operator ideal A is said to have the factorization property if for every 
operator T E A(E, F) there exists a Banach space G E Space(A) and operators 
TI EL(E, G) and T, EL(G, F) such that T = T,T, . In other terms, every 
operator of the ideal A factors through a space with the corresponding Banach 
space property “A.” First we give general sufficient conditions for an ideal to 
possess the factorization property. For this we introduce the following notion. 
Let 1 < p < CO. An operator ideal A satisfies the&-condition iff for arbitrary 
Banach spaces E, , F,, (n = 1, 2,...) the following holds. 
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Here P, and Qn denote the projections of (C E& , (CF,& onto the coordinates 
E,,, and F, , respectively. In other words, the condition states that the operator T 
belongs to A if all elements of its matrix representation belong to A. An argument 
similar to the proof of Theorem 1.1 shows that every ideal which satisfies the 
C,-condition is closed. We now state the general factorization theorem. 
THEOREM 2.1. Let 1 < p < co and let A be an injective and surjective 
operator ideal which satis$es the &,-condition. Then A possesses the factorization 
property. 
We shall derive this theorem from the following. 
PROPOSITION 2.2. Let 1 < p < 00, 0 < 19 < 1, and let A be an injective 
and surjective operator ideal which satisJes the C,-condition. Suppose (E1 , E,) 
is an interpolationpair, and let I be the canonical injection of E1 n E, into E1 + E2 . 
If 
I~A(E1nEz,El+Ez), 
then 
(4 , &)o.~ E Space(A). 
Proof. Denote E = E1 n E, , F = E1 + E, , G = (E1 , E.J8,p , and define 
the following equivalent norms on E and F, respectively: 
il 32 lIn = m=4 2% 11~~ , II Px 11~~) (x E E, n = 0, *l,... ), 
!I Y iln = ,jg$+ (II e”% IIE, + II e’z*y, HE,) (y EF, n = 0, kl,... ). 
Denote E,, = (E, Ij 11,) and F, = (F, /I II,). Using, respectively, the two discrete 
characterizations of (E1 , E&, mentioned in the preliminaries (cf. also [IO, 
p. 181) and the equivalence of norms on the two-dimensional space, it follows 
immediately that G is isomorphic to the two spaces 
i G, = ]y~F:y = F x,,~,~E,,Jylj~ =.%; 
T&=--m 
G = [Y EF: I/Y 112 = (nEa /NY II:)“’ < ~1. 
In other words, there is a canonical surjection Q of (C E,), onto G defined by 
5W3sl3-9 
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and a canonical isomorphic embedding J of G into (ZF,)Y defined by 
J.z = (z) = (..., z, z, z ,... ). 
Obviously, Qn JQP,,, is the canonical injection of En,, into F,; therefore it belongs 
to A. Using the xD-condition, we obtain 
J&Q = JQEA. 
On the other hand, injectivity and surjectivity yield 1, E A; thus G E Space(A). 
Proof of Theorem 2.1. Let T E A(E, F) and denote Gr = E/Ker T, G? = F. 
Then, by surjectivity, the injection of Gr into G, induced by T belongs to iz. 
We conclude from Proposition 2.2 that G = (Gr , G2)8,y E Space(A) and 
obtain the desired factorization of T: E - E/Ker T - G + F. 
The following theorem yields a list of ideals possessing the factorization 
property. Let us first recall the necessary definitions. An operator T EL(E, F) 
is called a Rosenthal operator if for each S EL(Z~ , E), the composition TS is not 
an isomorphic embedding. Using Rosenthal’s theorem [17], we get the following 
characterization: T is a Rosenthal operator iff it maps bounded sequences into 
sequences possessing weak Cauchy subsequences. T is said to be a Banach- 
Saks operator if it maps bounded sequences into sequences possessing Cesaro 
convergent subsequences. T E L(E, F) is called a Radon-Nikodym operator if 
it maps each p-continuous E-valued measure of finite variation into a p-differen- 
tiable F-valued measure, where p is an arbitrary probability measure. Finally, 
T E L(E, F) is called decomposing if for every probability space (a, CL) and every 
operator S EL(F, L,(Q, CL)) there is a p-measurable E’-valued function U(W) 
such that 
STx = (x, a(.)> (x E E). 
The significance of this ideal becomes clear by the following result (cf. [12, 
24.4.31): T is decomposing if and only if its dual T’ is a Radon-Nikody’m 
operator. 
THEOREM 2.3. The following ideals are injective and surjective and satisfy 
the C,-condition for 1 < p < a. Consequently, they possess the factorization 
property- 
(i) Weakly compact operators. 
(ii) Rosenthal operators. 
(iii) Banach-Saks operators. 
(iv) Decomposing operators. 
Parts of this result are known and stated for completeness: In case (i) the 
factorization property was proved by Davis et al. [q; in cases (ii) and (iii), by 
Beauzamy [2,3]. 
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Proof of Theorem 2.3. We restrict ourselves to proofs of (iii) and (iv). It is 
shown in [lo, 24.5.51 that the ideal of decomposing operators is injective and 
surjective, while the ideal of Banach-Saks operators obviously possesses these 
properties. The following observation is useful for the verification of the x,-con- 
dition: An ideal A-satisfies the CD-condition provided the following holds for 
arbitrary Banach spaces E, F and G, (n = 1,2,...): If Tl EL(E, (1 G&J, 
T2 E L((C G,), , F), and T,P,T, E A(E, F), then T,T, E A(E, F). 
(iii) Let (xk) C E be bounded. By assumption, T2P,Tl is a Banach-Saks 
operator. According to a result of Erdos and Magidor (cf. also [7, Corollary 21) 
we can find for each n a subsequence (~6) of (x~) such that all subsequences of 
( TzPnT&.) are Cesaro convergent. Using this and a diagonal argument, we can 
extract a subsequence (xi) of (XL) such that (TzP,Tlx~) is Cesaro convergent 
for all n simultaneously. Since I, (1 < p < CD) has the Banach-Saks property, 
we may also assume (xi) to be chosen in such a way that the sequence (+), where 
is Cesaro convergent in I,. From this we derive immediately that for each 
c > 0 there is a number N such that for m > N the following holds: 
Consequently, 
and we get, applying the operator T2, 
On the other hand, by the choice of (xi), the sequence 
converges in F for m - co. This yields that 
converges in F, which proves (iii). 
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(iv) Let S EL(F,L,(O, p)) and d enote S’s = ST,. By assumption, there 
exist measurable functions a,(w) such that 
W’nT,x = (x, an(.)>. 
Let (N,) be an arbitrary strictly increasing sequence of natural numbers, and 
denote 
bJw) = 2 Uk(W). 
k=Nznpl 
Furthermore, let x, (n = l,..., M) be arbitrary elements of E. Then 
The b,‘s are essentially separably valued. Therefore there exists a countable 
set r C E which is norming for almost all values of b, . Excluding a countable 
number of sets of p-measure zero, we get for almost all w E Q, 
simultaneously for all (x1 ,..., xM) E P. This implies 
where p-l + 4-l = 1. Consequently, 
Since the b,‘s were arbitrary disjoint blocks of the sequence (a,), it follows that 
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This shows that the series C a, converges in the norm of L,(E’), and therefore 
also in probability. Consequently, the function U(W) = C a,(w) is measurable. 
On the other hand, we have 
hence 
(p-a.e.). 
This finally implies 
(STJlx)(w) = (SJlx)(w) = (x, u(w)> (FL-ae.), 
which shows that the operator T,T, is decomposing, concluding the proof. 
It is an open problem whether every Radon-Nikodjim operator factors through 
a Banach space with the Radon-Nikod$m property. Theorem 2.3(iv) and the 
relation between decomposing and Radon-Nikodym operators mentioned above 
yield a partial answer, which concerns dual operators. This result has also been 
obtained independently by ReInov [ 161 and Stegall [18]. 
COROLLARY 2.4. Every dual Radon-Nikodjm operator factors through a dual 
space with the Radon-Nikodjtn property. 
Combining Theorem 2.3(iii, iv) with Proposition 2.2, we get the following 
result describing properties of general interpolation spaces. The first part 
answers a question of Beauzamy [4, p. 651. 
COROLLARY 2.5. Let (El, EJ be an interpolation pair, let I: E, n E, + 
E1 + E, be the canonical embedding, and let I < p < co, 0 < 9 < 1. 
(i) If I is a Banach-Saks operator, then (E, , Ez)8,2, has the Banach-Saks 
Propew. 
(ii) If the dual of I is a Radon-Nikodym operator, then (E1 , E,):,, has the 
Radon-Nikodym property. 
In conclusion, we give two examples showing that Theorem 2.1 cannot be 
improved, in general. As already mentioned in Section I, the CD-condition 
cannot be omitted. We show here that the assumption on both injectivity and 
surjectivity is essential. 
PROPOSITION 2.6. There is an injective operator ideal A,, and a surjective 
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operator ideal B, which both satisfy the &condition for allp with 1 < p < co and 
are not idempotent, hence, do not possess the factorization property. 
Proof. Let us consider the following ideal 2 of Grothendieck operators. 
T E Z(E, 3’) iff every weak-star convergent sequence (g12) C F’ is mapped by T’ 
into a weakly convergent sequence (T’g,) C E’. We put B, -= Z n X, where X 
is the ideal of separable operators. X and Z are surjective ideals. It can be 
verified (but we omit this standard procedure) that Z and X satisfy the x:,- 
condition for 1 < p < co, and therefore B, satisfies it, as well. 
Now 
B,,oB, =(ZnX)o(ZnX)CXoZ. 
It is easily seen that X D Z C IV, where W is the ideal of weakly compact opera- 
tors. On the other hand, there are non-weakly-compact operators belonging to 
Z n X. Take, e.g., the isometric embedding of Zr into I, (1, possesses the 
Grothendieck property). This proves the surjective case. 
The injective case can be seen by dualizing the above argument. Given an 
operator ideal A, we denote the class of all operators T with T’ E A by Adual. 
Now take A, = Zdual n Xdual. This is an injective operator ideal which also 
satisfies the x:,-condition for 1 < p < co. Again, 
A, o A, C Dual o Xdual c Wdual = w. 
However, the canonical surjection of lt onto c,, belongs to A, , but not to W. 
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